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|. [4 marks: 2, 2]

Determine analytically if each of the following functions are one-to-one or
many-to-one functions.

@ /()=

(b) f(@)=in(1+2)

2. [6 marks: 3, 3]

Find the largest possible domain for each of the following functions
to be one-to-one functions. In each case, state the corresponding range.

(a) f(x)=x(x-1)

(b) f(x)= -1+ % 36— 9(x — 1)°
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3. [5 marks: 3, 2]

Given that f (x) = x* — 2 and o2(x)= x+2.

(@) Find the rule for ¢ f (x).

(b) State the natural domain and range for gf (x).

4, [5 marks: 1,2, 2]

]

Given that f (x) =
x+1

and g(x) =x—-4 .

(a) State the natural domain for g.

(b) Explain clearly why the domain for ¢ has to be restricted if the f ¢ is to be
a function.

(c) State the largest possible domain for fg and the corresponding range.
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5. [4 marks] [TISC]

Letf ()= V1-22 and g () = ——

x-1
Find the rule for the composite function g f (x). State the domain for g f (x).

Let f(x) = \/9—x and g (x) = 3**". Find the domain and range for f (3(x))
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7. [6 marks: 4, 2] [TISC]

x2+2

(a) Giventhatfe g (x) = —
x“+1

cand f(x) =1+ IE,. find g (x) -

(b) Given that gof(x)=3 et and f (x) = 2x, find ¢ (x).

8. [4 marks: 2, 2] [TISC]

The graphs of ﬁmFﬁUns f (x) and g (x) are drawn below.
. alx)

(a) Find the asymptote(s) of g f (x).

(b) Find the range for ¢ f (x).
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9. [7 marks: 2,2, 3] [TISC]

(a) Giventhatfef(x) =x+4, find f (x).

(b) Given that g o g (x) =x*, find g (x).

(c) Explain clearly why it is not possible to find a real valued function A (x)
such thathoh (x) = - x.

[Hint: Leth (x) =ax +bwherea, b eR ]

10. [3 marks]

Letf(x)=x2andg(x)=1+ Jx.
Solve fog(x) = gof(x).
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11. [6 marks: 2, 2, 2]

Determine with reasons if each of the following functions as drawn have mverse
functions.

(@) (b) (c)

12. [6 marks: 2, 4]

Ihe graph of y = f (x) is shown in the accompanying diagrams. In each case,
sketch the graph for f(x).

(2)
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13. [5 marks]

Prove that for the one-to-one functions fand g, ( f g)"] (x) = g*l f - (x).
[Hint: k(™ (x))= x]

14. |8 marks: 2, 4, 2]

1—x
24+ x

Consider the function f (x) =

(a) State the natural domain and range for f (x).

(b) Find the rule for f (x).

(c) State the domain and range for f & (%).
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15. [10 marks: 2,2,1, 3, 2]

Given that f (x) = (x - 'l:j1 where x is a real number.

(a) Find f(0) and f (2).

(b) Show clearly how you would use your answers in (a) to show that f (x)
does not have an inverse function.

(c) Find the largest possible domain for f (x), consisting only of positive

numbers, so that f (x) has an inverse function.

(d) For the domain in (c), find the rule for the inverse for f (x).

(e) For the domain in (c), find the domain and range for the inverse for f (x).
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16. [6 marks: 1, 3, 2] [TISC]

Consider f (x) = / (x=1)% .

(a) Find the largest possible domain for fso thatf has an inverse function.

(b) Using your answer in (a) find the rule for the inverse of f.

(c) For your answer in (b), state the domain and range for the inverse of f.

17. [8 marks: 4, 4]

Let f(x)=In(1-x)and g(x) =

1

-

() Find the largest possible domain for f so that g  f is a function.
State the accompanying range.

(b) Find x such that g« f(x) = g~ © f (x). Justify your answer.
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18. |6 marks: 2,1, 3]

Consider f (x) = a -1)° :

(@) Show that the inverse of f is not a function.

(b) Find the largest possible domain consisting of both positive and negative
numbers so that the inverse of f is a function.

(c) For the domain you specified in part (b), find the rule for the inverse of /.

19. [5 marks: 2, 3}

Consider f (x) = =3

21—1!

(a) Explain clearly why within its natural domain f does not have an inverse
function.

o OT. Lee T 56



Mathematics Specialis! Units 3 & 4 Reviaion Series 05 FH”f“'ﬂﬂS _r

Calculator Free

%x—l

19. (b) For f(x) = - ‘ where %5 x < 3, find the rule for f -,

20. [6 marks: 3, 3]

Consider f (x) = sin 2x and g (x) = cos %

(@) f(x)is a one-to-one function within the domain -2 < x <a.
Determine the largest possible value for al.

Hence, determine the rule for f - (x) and state the corresponding range.

(b) g (x) is a one-to-one function within the domain 0 < x <b.
Determine the largest possible value for b.

Hence, determine the rule for 3”1 (x) and state the corresponding range.
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1. [4 marks: 2, 2] Given that f (x) = ¥ —2and glx)= Jx+2.

Determine analytically if each of the following functions are one-to-one or
many-to-one functions.

(a) Find the rule for g f (x).

gf (=g -2)

@ f@) ==

| fEn=fm=1 v ]
W

Hence, f(x) is a many-to-one function.

(b) fix)=In(1+x) (b) State the natural domain and range for gf (x).

Forfla)=f(P). In(1+a)=(1+H

= a=hb 4
Hence, f (x) 15 a one-to-one function. v
N 4. [Smarks: 1,2, 2
2. |6 marks: 3, 3] | |
. _ 1 .
Find the largest possible domain for each of the following functions Given that f (x) = —— and g(x) =x—4.
to be one-to-one functions. In each case, state the corresponding range.
(a) State the natural domain for g.
(a) f(x)=x(x-1)

i i 1
f(x) is symmetrical about x = —. v

2

4 . (b) Explain clearly why the domain for g has to be restricted if the f ¢ is to be
Hence, largest possible domain is ___m . 22) with corresponding range TNE e0). i a function.
y 1
| OR (—0,— | with range [-—, =). g(3) =-1
| (3 ] TG £ (3) is undefined. v
Hence, domain for fg has to be restricted to {x: x» 3, xeR ) v

(b) f(x)= -1

(c) State the largest possible domain for fg and the corresponding —
¥) is symmetrical about x = 1. .

.ﬂmw..ﬁm w,mhmmmn possible domain is [1, 3] with corresponding range [-1. 2]. ¥
OR [=2, 1] with range [-1, 2].

Domain {x: x= 3, xeR )

Range {y:y=0, ye R
i
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5. [4 marks] [TISC] 7. [6 marks: 4, 2] [TISC]
._.____.| 7 d A e ] - IHH.._..H I.H+Hmm,.&
m.n.”.—.___x_.ﬂ.ﬁ.u_ = +J1-x" and g (] = 1 : __“m.”__ GGiven _HH._m.._.‘__“.EW _”.H.Hu — Hm +.—.hﬂ—..__&...____.ﬁ.ﬂ”_. - [N & _\_.H.u .

Find the rule for the composile function g \___. (x). State the domain tor g f(x).

fog () =fg(x) =1+ g

|. | H
g/ (x) = gl/ (%)) Hence: 1+ [z = Z1% v
| = - 1 = J.___.lwu u . x“+1
| fix) 1-x* -1 EE_H = H.mHM =1 v
| . .
Clearly 4J1-x% #1
x#0 v
Also, 1-x20
- =] s5xs5] 4
_ is: . 25 +1 .
Eﬂﬂﬂ.ﬂﬁﬁh 20, xR ) (b) Giventhatge f(x) =3¢ ", and f(x) = 2x, find g (x).

Loty =2,
Hence, g » f (x) = g (f(x))
=g(2x)=glu)

= g)=3¢"""

nmm__:

6. [5 marks]
8. [4 marks: 2, 2] [TISC]

The graphs of wﬁh“uaﬂm f(x) and ¢ (x) are drawn below.

S, /_._Tl

Range: {0y <3, xeR ] v (2) Find the asymptote(s) of g f(x).

— LRSS L G — _.._,..n._.E...__”:___u.u | v _

(b) Find the range for g f(x).

v: y20,y#1, yeR) Ty — i

Let f(x) = 4/9—-x and g (x) = 3**!. Find the domain and range for f (g(x)).

flg() = (3" |

= ] 93 v

Domain: 9- 31 20
32 31
2zx+1
Hence, domainis {x:x =1, xekR ) v
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9. |7 marks: 2, 2, 3] [TISC] 11. [6 marks: 2, 2, 2]
(a) Given that fe f(x)=x+4, iind f(x) . Determine with reasons if each of the following functions as drawn have inverse
. = — functions.
By inspection:  f{x)=x+2 ¥ (a) (b) (<)
— —— ——— ¥ ¥ ¥
_
(b) Given thatg =g (x) = ¥, find g (x). - £ x

| o 2
By inspection: glx)=x v |—

AT T W i 't ie nol possible to find a real valued function Ir (x) Nol Fails the Yesl Passes the Yes! P
(c) Explain clearly __ﬂ”q_._l.._x i+ wr a2 horizontal line test. v~ horizontal line test. v v ?uiuﬂ”ﬂ”w N.m”..__,..mmnmu” A
such that fi e i (x) = — X. (Not one to one) (one to one) (one to one) .

[Hint: Let h (x) = ax + bwherea, b e y T

Let I (x) = ax + I whereq, I X .
=s fi(fr(2)) = Ifax + D)
= afax + ) + 0

12. [6 marks: 2, 4]

=qx+ (alr + D) v .
| ME __E:_,..ﬂ,_w..”m“.,_.ﬂ_ 3. ) The graph of y = f (x) ﬂ shown in the accompanying diagrams. In each case
‘ompare NS R '
k. = g is not real. v sketch the m“—.mﬂ._—: tor ,_,.. .”H”_..

Hence, it is not possible.

- i (@) (b)

— - S— —

N— e g

Al

10. [3 marks]

Letf(x)=x"and g (x) =1+ x.
Solve feg(x) = geofi(x).

f(8) =8 ()
(1 + Jx qu =1+ ,._ﬂul
By inspection, x =0

Symmetrical abouty=x

Asymptotesy=2& x=3 v
All correct v

LT e W =
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13. [5 marks] 15. [10 marks: 2, 2,1, 3, 2]
Prove that for the one-to-one functions fand g, (fg) ™ ()= g~ f " (x). Given that f(x) = (x - 1)* where x is a real number.
PR, T P
[Hint: h(h™ (x))=x] (a) Find f(0) and f(2).
} . 0y =1 W
P o _
FEf 7N = £ ) s
(b} Show clearly how you would use your answers in (a) to show that f (x)
g(f2) 7)) = /@) o _ does not have an inverse function.
— -
g7 @(f8) N = g (f () / Since f(0) = £(2) = 1, f(x) is a many to one function. v
Hence, f (x) does not have an inverse function.
_— (fa) () = g7 f7 () /
(c) Find the largest possible domain for f (x), consisting only of positive
numbers, so that f (x) has an inverse function.
14. [8 marks: 2,4, 2] DN et d _
Consider the function f (x) = M M - (d) For the domain in (<), find the rule for the inverse for f(x).
A
Lety=(x-1) .
(a) State the natural domain and range for f (x). x=1=% fy
Domain {x: x= =2, xeR ] v HHH"_"._.___M__. ©
v

Range {y: yv=-1, yeR ]

mw.ﬁmhw,_..u.lu.fi__m .
Hence, f (x)=1+x v

(b) Find the rule for f '(x).

i 1-x (¢) For the domain in (c), find the domain and range for the inverse for f (x).
2+
y+x=1-2y v Domain [x: x20, xeR |
x(1 +E|m.~l|..mmm v Range {y:y21, yeR ).
= x= L v
1+y
4 1-2x
= =
Hence, f (x) e

(c) State the domain and range for f ().

=\

Domain {x r=-1, xeR |
Range [y v=-2, yeR|] v
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16. [6 marks: 1, 3, 2] [TISC]

[ |

Consider f (x) = + (x=1)°

(a) Find the largest possible domain for fso that f has an inverse function.

FHH_ cw“,.l..n.. 1] o 1_

(b) Using your answer in (a) find the rule for the inverse of f

Forxzl y=x—1 i Forxsl,y==x+1 v

= x) =x+1 v = fx) ==x+1 v

(c) For your answer in (b), state the domain and range for the inverse of f

Forx21: | Forx=1: N

u_u:ﬂ.j is [0, =), v | domain is [0, ao), v

range is [1, oo}, ¥ | range is (==, 1]. v
—_—

17. [8 marks: 4, 4]
Let f(x) = In(1-x) and g(x) = . :
X

(a) Find the largest possible domain for fso that g » f is a function.
State the accompanying range.

.|I
1 1
X = =
s =+ = i s
| Hence, domainis {x:x<1,x¥0, xeR)] ++v
Range is {v: yv#0, yveR | v

L

W

(b) Find x such that g = f (x) = ML o f(x). Justify your answer.

Hence, g(f(x)) = g~ (f(x))-

Therefore, g{ f(x)) = hh-: (x])
v ox <1 with x #0,
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18. [6 marks: 2,1, 3]

2
Consider f(x) = ol S

(a) Show that the inverse of f is not a function.

-I:lII

[0)=f(@)=¢
Hence, fis a many to one function. v
Therefore, the inverse of f is not a function.

L

(b) Find the largest possible domain consisting of both positive and negative
numbers so that the inverse of f is a function.

(c) For the domain you specified in part (b), find the rule for the inverse of f.

|||I||||||

19. [5 marks: 2, 3]

‘ _ | 2x-1
Consider f (x) <3 A
(a) Explain clearly why within its natural domain f does not have an inverse
function.
4
L__,..TH_J_,.__,.MH__HL v
Hence, f is not a one-to-one function. v

Therefore, fdoes not have an inverse function.
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19. (b) For f(x) = H_m-.mu where me.nm: find the rule for HH
) -3 |
B - o )
1 R _ 2xr-1 y
..nn.ﬂm.mu.nm.. y=f(x) 7_, h_..lw;
xy-3y=1-2Lx o _
= 143y
t 24y
-1 - 14+ 3x .._..5
_IIm:nF 7 (x) e ._
20. [6 marks: 3, 3]
Consider f(x) = sin 2x and g (x) = cos W

(a) f(x)is a one-to-one function within the domain -a<x €a.
Determine the largest possible value for |a|.

Hence, determine the rule for f ko (x) and state the corresponding range.

N ]
Max value for |a| = r v
y=sinlx = Hulw.mmﬁu_m___
Hence, f~'(x) = .Wmm_..-._H- v
A
Ranpge: [==—,— ey
ge: -7 7]

(b) g (x) is a one-to-one function within the domain 0 < x £ b.
Determine the largest possible value for b.

Hence, determine the rule for .wum (x) and state the corresponding range.

Max value for b= 2n v |
X =1
Y =Cos 5 = ¥x=2¢05 Y
Hence, [~ (x) = 2 cos k. v
Range: [0, 2n] o
|
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1. [12 marks: 4, 4, 4]

(a) The sketch of y = f(x) is given W
in the accompanying diagram. L
Sketch on the same axes the !
_ 1
graph of y W =y \ |
Asymptotes: !I.L Y
y=0x=0x=4 -5 4
| : 1 Mo pe®
Max point (2, mw_ v —
All correct v |
-5
(b) The sketch of y = 2 is given
f@) 1 s
in the accompanying diagram. :
Sketch on the same axes the _
graphof y = f(x). |
Asymptotes: | | ——
y=-2,y=2,x=-2 Vv 5 |

All correct v

(¢) The sketch of y= f(x) is given
in the accompanying diagram.
Sketch on the same axes the

graph of ¥ = f(x).

Domain: [1, «) v

Symmetrical

about the r-axis. v
Both graphs intersect
wheny =1 o
All correct "

@ O.T. Lee | 58 —




